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In recent years, there were numerous papers on these spaces and its applications, such as \[[@CR7]--[@CR13]\] and the references therein. Motivated by the work of Cheng-Zhang \[[@CR4]\] on the modulation spaces, one naturally expects that the strongly singular integral operators $\documentclass[12pt]{minimal}
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This paper is organized as follows. In Section [2](#Sec2){ref-type="sec"}, we will recall the definition of the *α*-modulation spaces and the Besov spaces. Some lemmas will also be presented in this section. In Section [3](#Sec3){ref-type="sec"}, we will give the main results and prove the theorems. In addition, we will consider the strongly singular integrals along a well-curved $\documentclass[12pt]{minimal}
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Before giving the definition of the *α*-modulation spaces, we introduce some notations frequently used in this paper. Let $\documentclass[12pt]{minimal}
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In order to prove the theorems, we also need some lemmas.

Lemma 2.1 {#FPar1}
---------
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Proof {#FPar3}
-----

\(1\) It suffices to show that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bigl\Vert \Box_{k}^{\alpha}(T_{\beta, \gamma} f) \bigr\Vert _{L^{p}}\preceq\langle k\rangle ^{\frac{s_{0}}{1-\alpha}} \bigl\Vert \Box_{k}^{\alpha} f \bigr\Vert _{L^{p}}. $$\end{document}$$ Denote $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Lambda(k)=\{j\in\mathbb{Z}^{n}:\eta_{k}^{\alpha}\cdot\eta_{j}^{\alpha }\neq0\}$\end{document}$. Then by the support condition ([2.1](#Equ1){ref-type=""}), we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle j\rangle\sim\langle k\rangle,\quad \mbox{if }j\in\Lambda(k) $$\end{document}$$ and $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sharp\Lambda(k)\preceq1. $$\end{document}$$ Recall that the choice of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\eta_{j}^{\alpha}$\end{document}$ satisfies $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sum_{j\in \mathbb{Z}^{n}} \eta_{j}^{\alpha} \equiv1$\end{document}$. By Minkowski's inequality, we obtain $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \bigl\Vert \Box_{k}^{\alpha}(T_{\beta, \gamma} f) \bigr\Vert _{L^{p}}&= \biggl\Vert \sum_{j\in\mathbb {Z}^{n}} \Box_{k}^{\alpha}\bigl[T_{\beta, \gamma} \bigl( \Box_{j}^{\alpha}f\bigr)\bigr] \biggr\Vert _{L^{p}} \leq\sum_{j\in\mathbb{Z}^{n}} \bigl\Vert \Box_{j}^{\alpha} \bigl[T_{\beta, \gamma} \bigl(\Box _{k}^{\alpha}f\bigr)\bigr] \bigr\Vert _{L^{p}} \\ &\preceq\sum_{j\in\Lambda(k)}\langle j\rangle^{\frac{s_{0}}{1-\alpha}} \bigl\Vert \Box_{k}^{\alpha}f \bigr\Vert _{L^{p}} \\ &\preceq\langle k\rangle^{\frac{s_{0}}{1-\alpha}} \bigl\Vert \Box_{k}^{\alpha} f \bigr\Vert _{L^{p}}. \end{aligned}$$ \end{document}$$ Thus, the first part of the lemma holds. The second part of this lemma is similar to the proof of the first part. Here we omit the details. □

Main results and proofs {#Sec3}
=======================

Theorem 3.1 {#FPar4}
-----------
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Proof {#FPar5}
-----
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                \begin{document} $$\begin{aligned} \Omega_{k, j}^{\alpha}(x)&= \langle k\rangle^{\frac{2\alpha}{1-\alpha }}e^{2\pi i\langle k\rangle^{\frac{\alpha}{1-\alpha}}k\cdot x} \int _{2^{-j-1}}^{2^{-j+1}}e^{i\varphi(t) }\theta \bigl(2^{j}t\bigr)t^{-1-\gamma}\hat {\tilde{\eta}}_{k}^{\alpha} \bigl(\langle k\rangle^{\frac{\alpha}{1-\alpha }}(t-x_{1}), \langle k \rangle^{\frac{\alpha}{1-\alpha}}\bigl(t^{m}-x_{2}\bigr)\bigr)\,dt \\ &:=\langle k\rangle^{\frac{2\alpha}{1-\alpha}}e^{2\pi i\langle k\rangle ^{\frac{\alpha}{1-\alpha}}k\cdot x}I_{j}. \end{aligned}$$ \end{document}$$ First, let us estimate $\documentclass[12pt]{minimal}
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                \begin{document}$$\bigl\vert \varphi''(t) \bigr\vert =2\pi\bigl[ \beta(\beta+1)t^{-\beta-2}+m(m-1)k_{2}\langle k\rangle ^{\frac{\alpha}{1-\alpha}}t^{m-2}\bigr]\succeq t^{-\beta-2} \succeq2^{j(\beta+2)}. $$\end{document}$$ By the Van der Corput lemma, we have $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} I_{j}\preceq{}&2^{-\frac{j(\beta+2)}{2}}2^{j(1+\gamma)} \bigl\vert \hat{ \tilde{\eta }}_{k}^{\alpha}\bigl(\langle k\rangle^{\frac{\alpha}{1-\alpha}} \bigl(2^{-j+1}-x_{1}\bigr), \langle k\rangle^{\frac{\alpha}{1-\alpha}} \bigl(2^{-jm+m}-x_{2}\bigr)\bigr) \bigr\vert \\ &{}+2^{-\frac{j(\beta+2)}{2}} \int_{2^{-j-1}}^{2^{-j+1}} \biggl\vert \frac {d}{dt} \bigl[\theta\bigl(2^{j}t\bigr)t^{-1-\gamma}\hat{\tilde{ \eta}}_{k}^{\alpha}\bigl(\langle k\rangle^{\frac{\alpha}{1-\alpha}}(t-x_{1}), \langle k\rangle^{\frac {\alpha}{1-\alpha}}\bigl(t^{m}-x_{2}\bigr)\bigr) \bigr] \biggr\vert \,dt \\ \preceq{}&2^{-\frac{j(\beta-2\gamma)}{2}} \bigl\vert \hat{\tilde{\eta}}_{k}^{\alpha } \bigl(\langle k\rangle^{\frac{\alpha}{1-\alpha}}\bigl(2^{-j+1}-x_{1}\bigr), \langle k\rangle^{\frac{\alpha}{1-\alpha}}\bigl(2^{-jm+m}-x_{2}\bigr)\bigr) \bigr\vert \\ &{}+2^{-\frac{j(\beta+2)}{2}} \int_{2^{-j-1}}^{2^{-j+1}}2^{j}\theta ' \bigl(2^{j}t\bigr)t^{-1-\gamma} \bigl\vert \hat{\tilde{ \eta}}_{k}^{\alpha}\bigl(\langle k\rangle ^{\frac{\alpha}{1-\alpha}}(t-x_{1}), \langle k\rangle^{\frac{\alpha }{1-\alpha}}\bigl(t^{m}-x_{2}\bigr)\bigr) \bigr\vert \,dt \\ &{}+2^{-\frac{j(\beta+2)}{2}} \int_{2^{-j}}^{2^{-j+1}}t^{-2-\gamma} \bigl\vert \hat { \tilde{\eta}}_{k}^{\alpha}\bigl(\langle k\rangle^{\frac{\alpha}{1-\alpha }}(t-x_{1}), \langle k\rangle^{\frac{\alpha}{1-\alpha}}\bigl(t^{m}-x_{2}\bigr)\bigr) \bigr\vert \,dt \\ &{}+2^{-\frac{j(\beta+2)}{2}}\langle k\rangle^{\frac{\alpha}{1-\alpha }} \int_{2^{-j}}^{2^{-j+1}}t^{-1-\gamma} \biggl\vert \frac{\partial\hat{\tilde {\eta}}_{k}^{\alpha}}{\partial x_{1}}\bigl(\langle k\rangle^{\frac{\alpha }{1-\alpha}}(t-x_{1}), \langle k\rangle^{\frac{\alpha}{1-\alpha }}\bigl(t^{m}-x_{2}\bigr)\bigr) \biggr\vert \,dt \\ &{}+2^{-\frac{j(\beta+2)}{2}}\langle k\rangle^{\frac{\alpha}{1-\alpha }} \int_{2^{-j}}^{2^{-j+1}}t^{-2-\gamma+m} \biggl\vert \frac{\partial\hat{\tilde {\eta}}_{k}^{\alpha}}{\partial x_{2}}\bigl(\langle k\rangle^{\frac{\alpha }{1-\alpha}}(t-x_{1}), \langle k\rangle^{\frac{\alpha}{1-\alpha }}\bigl(t^{m}-x_{2}\bigr)\bigr) \biggr\vert \,dt. \end{aligned}$$ \end{document}$$ Then, by a substitution and the Fubini theorem, we obtain $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \bigl\Vert \Omega_{k, j}^{\alpha} \bigr\Vert _{L^{1}} \preceq{}&2^{-\frac{j(\beta-2\gamma)}{2}}\langle k\rangle^{\frac{2\alpha }{1-\alpha}} \int_{\mathbb{R}^{2}} \bigl\vert \hat{\tilde{\eta}}_{k}^{\alpha} \bigl(\langle k\rangle^{\frac{\alpha}{1-\alpha}}\bigl(2^{-j+1}-x_{1}\bigr), \langle k\rangle ^{\frac{\alpha}{1-\alpha}}\bigl(2^{-jm+m}-x_{2}\bigr) \bigr) \bigr\vert \,dx \\ &{}+2^{-\frac{j\beta}{2}}\langle k\rangle^{\frac{2\alpha}{1-\alpha}} \int _{\mathbb{R}^{2}} \int_{2^{-j-1}}^{2^{-j+1}}t^{-1-\gamma} \bigl\vert \hat{ \tilde{\eta }}_{k}^{\alpha}\bigl(\langle k\rangle^{\frac{\alpha}{1-\alpha}}(t-x_{1}), \langle k\rangle^{\frac{\alpha}{1-\alpha}}\bigl(t^{m}-x_{2}\bigr)\bigr) \bigr\vert \, dt\,dx \\ &{}+2^{-\frac{j(\beta+2)}{2}}\langle k\rangle^{\frac{2\alpha}{1-\alpha }} \int_{\mathbb{R}^{2}} \int_{2^{-j-1}}^{2^{-j+1}}t^{-2-\gamma} \bigl\vert \hat{ \tilde {\eta}}_{k}^{\alpha}\bigl(\langle k\rangle^{\frac{\alpha}{1-\alpha}}(t-x_{1}), \langle k\rangle^{\frac{\alpha}{1-\alpha}}\bigl(t^{m}-x_{2}\bigr)\bigr) \bigr\vert \, dt\,dx \\ &{}+2^{-\frac{j(\beta+2)}{2}}\langle k\rangle^{\frac{3\alpha}{1-\alpha }} \\ &{}\times\int_{\mathbb{R}^{2}} \int_{2^{-j-1}}^{2^{-j+1}}t^{-1-\gamma} \biggl\vert \frac {\partial\hat{\tilde{\eta}}_{k}^{\alpha}}{\partial x_{1}}\bigl(\langle k\rangle ^{\frac{\alpha}{1-\alpha}}(t-x_{1}), \langle k\rangle^{\frac{\alpha }{1-\alpha}}\bigl(t^{m}-x_{2}\bigr)\bigr) \biggr\vert \, dt\,dx \\ &{}+2^{-\frac{j(\beta+2)}{2}}\langle k\rangle^{\frac{3\alpha}{1-\alpha }} \\ &{}\times\int_{\mathbb{R}^{2}} \int_{2^{-j-1}}^{2^{-j+1}}t^{-2-\gamma+m} \biggl\vert \frac{\partial\hat{\tilde{\eta}}_{k}^{\alpha}}{\partial x_{2}}\bigl(\langle k\rangle^{\frac{\alpha}{1-\alpha}}(t-x_{1}), \langle k\rangle^{\frac {\alpha}{1-\alpha}}\bigl(t^{m}-x_{2}\bigr)\bigr) \biggr\vert \, dt\,dx \\ \preceq{}&2^{-\frac{j(\beta-2\gamma)}{2}} \bigl\Vert \hat{\tilde{\eta}}_{k}^{\alpha } \bigr\Vert _{L^{1}}+2^{-\frac{j\beta}{2}} \bigl\Vert \hat{\tilde{ \eta}}_{k}^{\alpha} \bigr\Vert _{L^{1}} \int_{2^{-j-1}}^{2^{-j+1}}t^{-1-\gamma}\,dt \\ &{}+2^{-\frac{j(\beta+2)}{2}} \bigl\Vert \hat{\tilde{\eta}}_{k}^{\alpha} \bigr\Vert _{L^{1}} \int _{2^{-j-1}}^{2^{-j+1}}t^{-2-\gamma}\,dt+2^{-\frac{j(\beta+2)}{2}} \langle k\rangle^{\frac{\alpha}{1-\alpha}} \biggl\Vert \frac{\partial\hat{\tilde{\eta }}_{k}^{\alpha}}{\partial x_{1}} \biggr\Vert _{L^{1}} \int _{2^{-j}}^{2^{-j+1}}t^{-1-\gamma}\,dt \\ &{}+2^{-\frac{j(\beta+2)}{2}}\langle k\rangle^{\frac{\alpha}{1-\alpha }} \biggl\Vert \frac{\partial\hat{\tilde{\eta}}_{k}^{\alpha}}{\partial x_{2}} \biggr\Vert _{L^{1}} \int_{2^{-j}}^{2^{-j+1}}t^{-2-\gamma+m}\,dt \\ \preceq{}&2^{-\frac{j(\beta-2\gamma)}{2}} \bigl\Vert \hat{\tilde{\eta}}_{k}^{\alpha } \bigr\Vert _{L^{1}}+2^{-\frac{j(\beta+2-2\gamma)}{2}}\langle k\rangle^{\frac {\alpha}{1-\alpha}} \biggl\Vert \frac{\partial\hat{\tilde{\eta}}_{k}^{\alpha }}{\partial x_{1}} \biggr\Vert _{L^{1}} +2^{-\frac{j(\beta+2m-2\gamma)}{2}} \langle k\rangle^{\frac{\alpha }{1-\alpha}} \biggl\Vert \frac{\partial\hat{\tilde{\eta}}_{k}^{\alpha }}{\partial x_{2}} \biggr\Vert _{L^{1}} \\ \preceq{}&2^{-\frac{j(\beta-2\gamma)}{2}}\langle k\rangle^{\frac{\alpha }{1-\alpha}}. \end{aligned}$$ \end{document}$$
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                \begin{document} $$\begin{aligned} \bigl\vert \varphi'''(t) \bigr\vert &= \bigl\vert -2\pi\bigl[-\beta(\beta+1) (\beta+2)t^{-\beta -3}+m(m-1) (m-3)k_{2}\langle k\rangle^{\frac{\alpha}{1-\alpha }}t^{m-3}\bigr] \bigr\vert \\ &\succeq t^{-\beta-3}\succeq2^{j(\beta+3)}. \end{aligned}$$ \end{document}$$ By the Van der Corput lemma, we have $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} I_{j}\preceq{}&2^{-\frac{j(\beta+3)}{3}}2^{j(1+\gamma)} \bigl\vert \hat{ \tilde {\eta}}_{k}^{\alpha}\bigl(\langle k\rangle^{\frac{\alpha}{1-\alpha }} \bigl(2^{-j+1}-x_{1}\bigr), \langle k\rangle^{\frac{\alpha}{1-\alpha }} \bigl(2^{-jm+m}-x_{2}\bigr)\bigr) \bigr\vert \\ &{}+2^{-\frac{j(\beta+3)}{3}} \int_{2^{-j-1}}^{2^{-j+1}} \biggl\vert \frac {d}{dt} \bigl[\theta\bigl(2^{j}t\bigr)t^{-1-\gamma}\hat{\tilde{ \eta}}_{k}^{\alpha}\bigl(\langle k\rangle^{\frac{\alpha}{1-\alpha}}(t-x_{1}), \langle k\rangle^{\frac {\alpha}{1-\alpha}}\bigl(t^{m}-x_{2}\bigr)\bigr) \bigr] \biggr\vert \,dt \\ \preceq{}&2^{-\frac{j(\beta-3\gamma)}{3}} \bigl\vert \hat{\tilde{\eta}}_{k}^{\alpha } \bigl(\langle k\rangle^{\frac{\alpha}{1-\alpha}}\bigl(2^{-j+1}-x_{1}\bigr), \langle k\rangle^{\frac{\alpha}{1-\alpha}}\bigl(2^{-jm+m}-x_{2}\bigr)\bigr) \bigr\vert \\ &{}+2^{-\frac{j(\beta+3)}{3}} \int_{2^{-j-1}}^{2^{-j+1}}t^{-1-\gamma }2^{j} \theta'\bigl(2^{j}t\bigr) \bigl\vert \hat{\tilde{ \eta}}_{k}^{\alpha}\bigl(\langle k\rangle ^{\frac{\alpha}{1-\alpha}}(t-x_{1}), \langle k\rangle^{\frac{\alpha }{1-\alpha}}\bigl(t^{m}-x_{2}\bigr)\bigr) \bigr\vert \,dt \\ &{}+2^{-\frac{j(\beta+3)}{3}} \int_{2^{-j-1}}^{2^{-j+1}}t^{-2-\gamma} \bigl\vert \hat{ \tilde{\eta}}_{k}^{\alpha}\bigl(\langle k\rangle^{\frac{\alpha}{1-\alpha }}(t-x_{1}), \langle k\rangle^{\frac{\alpha}{1-\alpha}}\bigl(t^{m}-x_{2}\bigr)\bigr) \bigr\vert \,dt \\ &{}+2^{-\frac{j(\beta+3)}{3}}\langle k\rangle^{\frac{\alpha}{1-\alpha }} \int_{2^{-j-1}}^{2^{-j+1}}t^{-1-\gamma} \biggl\vert \frac{\partial\hat{\tilde {\eta}}_{k}^{\alpha}}{\partial x_{1}}\bigl(\langle k\rangle^{\frac{\alpha }{1-\alpha}}(t-x_{1}), \langle k\rangle^{\frac{\alpha}{1-\alpha }}\bigl(t^{m}-x_{2}\bigr)\bigr) \biggr\vert \,dt \\ &{}+2^{-\frac{j(\beta+3)}{3}}\langle k\rangle^{\frac{\alpha}{1-\alpha }} \int_{2^{-j-1}}^{2^{-j+1}}t^{-2-\gamma+m} \biggl\vert \frac{\partial\hat {\tilde{\eta}}_{k}^{\alpha}}{\partial x_{2}}\bigl(\langle k\rangle^{\frac{\alpha }{1-\alpha}}(t-x_{1}), \langle k\rangle^{\frac{\alpha}{1-\alpha }}\bigl(t^{m}-x_{2}\bigr)\bigr) \biggr\vert \,dt. \end{aligned}$$ \end{document}$$ Thus, similar to ([3.2](#Equ6){ref-type=""}), we get $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \bigl\Vert \Omega_{k, j}^{\alpha} \bigr\Vert _{L^{1}}\preceq{}&2^{-\frac{j(\beta-3\gamma )}{3}} \bigl\Vert \hat{\tilde{ \eta}}_{k}^{\alpha} \bigr\Vert _{L^{1}} +2^{-\frac{j(\beta+3-3\gamma)}{3}}\langle k\rangle^{\frac{\alpha }{1-\alpha}} \biggl\Vert \frac{\partial\hat{\tilde{\eta}}_{k}^{\alpha }}{\partial x_{1}} \biggr\Vert _{L^{1}} \\ &{}+2^{-\frac{j(\beta+3m-3\gamma)}{3}}\langle k\rangle^{\frac{\alpha }{1-\alpha}} \biggl\Vert \frac{\partial\hat{\tilde{\eta}}_{k}^{\alpha }}{\partial x_{2}} \biggr\Vert _{L^{1}} \\ \preceq{}&2^{-\frac{j(\beta-3\gamma)}{3}}\langle k\rangle^{\frac{\alpha }{1-\alpha}}. \end{aligned}$$ \end{document}$$ Combining ([3.2](#Equ6){ref-type=""}) and ([3.3](#Equ7){ref-type=""}), we have $$\documentclass[12pt]{minimal}
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Theorem 3.2 {#FPar6}
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Proof {#FPar7}
-----

As the proof of Theorem [3.1](#FPar4){ref-type="sec"}, using the Fourier transformation, the operator $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \Omega_{j, \beta, \gamma} (x)={}& \int_{\mathbb{R}^{2}}e^{2\pi ix\cdot\xi }\phi_{j} (\xi) \int_{0}^{1}e^{-2\pi i(\xi_{1}t+\xi_{2}t^{m})}\frac{e^{-2\pi i t^{-\beta}}}{t^{\gamma+1}}\,dt\,d\xi \\ ={}& \int_{\mathbb{R}^{2}}\phi_{j} (\xi) \int_{0}^{1}e^{-2\pi i[\xi_{1}(t-x_{1})+\xi _{2}(t^{m}-x_{2})]}e^{-2\pi i t^{-\beta}}t^{-1-\gamma}\,dt\,d \xi_{1}\,d\xi_{2} \\ ={}&2^{2j} \int_{\mathbb{R}^{2}}\phi(\zeta) \int_{0}^{1}e^{-2\pi i[2^{j}\zeta _{1}(t-x_{1})+2^{j}\zeta_{2}(t^{m}-x_{2})]}e^{-2\pi i t^{-\beta}}t^{-1-\gamma }\,dt\,d \zeta_{1}\,d\zeta_{2} \\ ={}&\frac{2^{2j}}{2\pi\beta i} \int_{\mathbb{R}^{2}}\phi(\zeta)e^{-2\pi i[2^{j}\zeta_{1}(t-x_{1})+2^{j}\zeta_{2}(t^{m}-x_{2})]}e^{-2\pi i t^{-\beta}}t^{\beta -\gamma} \vert _{0}^{1}\,d\zeta \\ &{}-\frac{2^{2j}}{2\pi\beta i} \int_{\mathbb{R}^{2}}\phi(\zeta) \int_{0}^{1} e^{-2\pi it^{-\beta}}\,d\bigl[t^{\beta-\gamma}e^{-2\pi i[2^{j}\zeta _{1}(t-x_{1})+2^{j}\zeta_{2}(t^{m}-x_{2})]} \bigr]\,d\zeta \\ ={}&\frac{2^{2j}}{2\pi\beta i}\hat{\phi}\bigl(2^{j}(1-x_{1}), 2^{j}(1-x_{2})\bigr)e^{-2\pi i} \\ &{}-\frac{2^{2j}}{2\pi\beta i}(\beta-\gamma) \int_{\mathbb{R}^{2}}\phi (\zeta) \int_{0}^{1} e^{-2\pi it^{-\beta}}t^{\beta-\gamma-1}e^{-2\pi i[2^{j}\zeta_{1}(t-x_{1})+2^{j}\zeta_{2}(t^{m}-x_{2})]}\,dt\,d \zeta \\ &{}+\frac{2^{3j}}{\beta} \int_{\mathbb{R}^{2}}\phi(\zeta) \int_{0}^{1} e^{-2\pi it^{-\beta}}t^{\beta-\gamma}e^{-2\pi i[2^{j}\zeta_{1}(t-x_{1})+2^{j}\zeta _{2}(t^{m}-x_{2})]} \bigl(\zeta_{1}+\zeta_{2}mt^{m-1}\bigr)\,dt\,d\zeta. \end{aligned}$$ \end{document}$$ Then, using the Fubini theorem, we get $$\documentclass[12pt]{minimal}
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Theorem 3.3 {#FPar8}
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-----
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Remark 3.4 {#FPar10}
----------
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Remark 3.5 {#FPar11}
----------

In \[[@CR16]\], the authors mention the fact that the *α*-modulation space cannot be obtained by interpolation between modulation spaces $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha= 0$\end{document}$ and Besov spaces $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha= 1$\end{document}$. Thus, it shows that our proofs for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0 < \alpha< 1$\end{document}$ in Theorems [3.1](#FPar4){ref-type="sec"} and [3.3](#FPar8){ref-type="sec"} are meaningful.

Remark 3.6 {#FPar12}
----------
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Theorem 3.7 {#FPar13}
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